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Pemennsa u orseThH

1. Pazpe:xbre burypy, mokasaHHyio Ha PUCYHKe, Ha JBe YacTH, OAUHAKOBBIE U 110 (popMe, H
110 1LI0IAu. Pa3pes3bl MpoBOAATCS IO JIMHUSAM CETKH.

Pewenue.

JlocTaTouHo TPUBECTU BEPHBIH pa3pe3 WK MMOKA3aTh JBE TOJIy4YeHHbIe (DUTYPHI.

2. Ha noJsike crogaT B psiji MrpylliedHbie MAITUHKK: JIEI'KOBas, aBTOOYC, I'Py30BUK U (PYPrOH.
Onu okpallieHbl B pa3Hble NBETa: KPACHBINW, CHHUI, KEATHINA, 3eméubiit. V3BecTHO, 9TO
CUHS MalllMHKA CTOUT MeXKJly KPacHOIl W 3ejIE€HOI; clipaBa OT YKEJITONH MaIlTMHKH CTOUT
dypron; aBTodOyC CTOUT paBee U JIETKOBOH, U pyproHa; JerkoBas CTOUT He ¢ KPako; Kpac-
Had U KENTasd MAITMHKHN CTOAT He psaaoM. OnpenenTe, B KAKOM TOPSIKe CTOSIT MAITAHKA
A KaKOI'0 OHH LIBETA.

Pewenue. Yuraem 3agaHHbBIE YCIOBHS U ITOCTIEI0BATEIBHO PACCTABIAEM I[BETA W MAITHAH-
KW.
[lepBag dpasza mo3BoJIsIeT PACCTaBUTH TPHU IBETA JBYMS CIOCOOAMM.
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Ho mocnennee ycioBue, 9TO JerkoBasi CTOUT He ¢ KPal, OCTABISIET BO3MOXKHOM TOJTBKO
[IePBYIO U3 3TUX Tpex paccTraHoBoK. Ilosydaem orser.
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Omeem. CieBa HAIIPaBO: YKeJATHIH IPY30BUK, 3eeHbIH (DYProH, CHHsS JJeTKOBasi, KPACHBIHT
aBTOOYC.

CocuuTaiiTe, CKOJIbKO TPEYTrOJbLHUKOB U300parkeHo Ha pucynke. llogcaure cBoit crocob
cyera.

Pewenue. BI/IILBI TpeyroJIbHUKOB U UX IIPDUBA3Ka K BEPIMUHaAM WJIU CTOPOHaM MHOT'OYTOJIb-
HHKa IIOKa3aHbl Ha PUCYHKE.

2 bonvuuux
mpey2onbHuKa 6 cmopon

6 eepuun 6 eepuiun

6 gepuun,
no 2 mpeyonbHuKa na 00Ky 6epuiuny
unu 6 cmopoH,
1o 2 mpey201bHUKa HA 0OHY CIOPOHY

Bcero tpeyronbaukoB 2 + 6 + 6 + 6 4+ 12 = 32.
Omeem. 32 TpeyroJibHUKA.

B Tpexsnaunom uuncie mudpbl cOTeH U eIMHUI OJuHaKOoBbIe. HajinuTe Bce Takme ducia,
€CJIM U3BECTHO, YTO KarKJioe U3 HUX JIeuTcd Ha 195.

Pewenue. Tak Kaxk MCKOMOe 9HCJIO JIETUTCA Ha D, TO TEpBad U MOCJe HsIst Tndpa paBHBI
5, m ouu He MOTYT OBITH paabiMu (. Cymma mudp MOMKHA JETUTHCS HA, 3, 9TOOBI TUCJIO

nesimioch Ha 3. [lomydyaem, uro Bropas mudpa MoxkeT ObITH 2, 5, 8.
Omesem. 525,555, 585.

Bnoawb TponmaKkT pocan poMamku. MezK Iy KazKIbIMI IByMS POMAITKaMH BEIPOC BaCHJIEK,
a 3aTeM MeXKJy KazKJIbIM BaCHUJIbKOM H POMAIIKON - oayBaHYHK. OKa3aj0Ch, 9YTO Telephb
B10JIb Tponuukn pacter 101 mBerok. CKOJIBKO pOMAIIEK pacTeT BIOJIb TPOIUHKH?

Pewenue. Ecyin B KaKoit TO MOMEHT pacTeT 1 IBETOB, TO MEZKJIy HUMH 1L — 1 IPOMEZKYTKOB,



MTO3TOMY MeXKIy HUMH BBIpacTaeT n — 1 IBETOK, W BCEro CTAHOBUTCA 21 — 1 IBETKOB.
(Omcymemesue amoti dpasv. ne npusodum x cruscenuto barroe 3a pewenue). Ilepeiinem
K perennio ¢ koHna. [locae mosiiaenus omysaH4unkoB pacrer 101 nBerok, 3HAYUT, JI0
51010 1BeToB 66110 (101 4 1) : 2 = 51. Tlosyunsu, 4To BACHJIBLKOB U poMariek Bmecre 51.
[Tosromy pomarmex (51 + 1) : 2 = 26.

Omeem. 26 poMaliex.

Y4YacTHUKY JTeTHeT0 (PU3NKO-MAaTeMaTHIeCKOTrO Jlareps MKOJbHUKOB MOJIYYHJIN B TOIAPOK
WM OPAH2KeBYIO, WId puoaeToBy0 (pyTOoNKY. Hucea0 yaacTHUKOB (hU3HUIECKONU I'PYIIIDI,
MOJIYYHUBITUX OPAHKEBYIO (DYTOOTKY, PABHO UHCJIY YYACTHHKOB MaTeMaTHYeCKOH T'DyT-
b, MOoyYuBInux puoseroByio Gyroosiky. Koro 6oibiie - y4acTHUKOB MaTeMaTHYeCKOR
CPYIIBI, WA TOJTYIUBITAX OPAHZKEBYO (PyTOONKY?

Pewenue 1. YIacTHUKH Jlarepst JEJIATCSA Ha 9eThIPe HEIePeCeKaIonuecs ITPYIIb, 1O IBETY
dbyTbosKE U npenmery oOydenud. OOO3HAYUM YHUCJIO YIACTHUKOB KaKJIOM T'PYMITHI KaK
OuzOpanxk, Puzduoner, MarOpanx, MarPuoser. Yucra, KoTopeie TpedbyeTcs cpas-
HUTH, MOYKHO HOJIYIUTH KAK CYMMBI.

Yuemo ygacTHIKOB MaTemarmdeckoit rpymnmel = MarOpanx + Mar®@uoser

Yuem0 yIacTHIKOB, TOJIYIUBIINX OopanzkeByo ¢gpyroonky — MarOpanx + PuzOpamxk
[Io ycnosuio, @uzOpank = Mar®@uoJier, a epBoe cjaraemMoe B KaxKJI0il cyMMe COBIIAIa-
eT. [losTomMy cymMMBbI paBHBI.

Pewenue 2. BuadaJjie BbIIQJIUM BCEM YYaCTHUKAM MATEMaTU4YeCKOI'O Jiarepsi OPaHzKeBble
dyrbosku. B sror MOMenT y puzukon ¢qpyr60sI0K HeT, HHoaeTOBLIX (DyTOOTOK HET. 3aTeM
JaCTh MATEMATHKOB MePeTaeT CBOM OpaHzkeBbie (hyTOOMKN (DU3UKAM U TYT K€ MOy IaeT
duosierosbie pyTdoKU. BhInosiHsgeTCSA yea0BUe "IUCTI0 YIACTHUKOB (PU3UIECKON I'PYIIIDI,
MOJIYYHUBITHX OPAaHAKeBYIO (DYyTOOIKY, PABHO YUCIY YIACTHUKOB MaTeMAaTHIECKON TPYIIIHI,
nonyunBinux dpuoseroByo dbyr6onky” (10 yeaosuto, (bU3UKOB XBATUT JIJIS TAKOTO OOMe-
ua). Ocraprmecs dusuku nostyvaor duoserobie hyrboakn (opanzkesbie GyTOOJKE OHH
HOJy9UTh HE MOTYT, HAPYIIUTCS yCIOBHE 3aaa4r). TakuM 06pa3oM, Y9UCI0 MATEMATHKOB
PaBHO YUCTY YYACTHUKOB Jareps, MOJYYUBIINX OPAHKeBYI0 (PYTOOIKY.

Omeem. YJIacTHHKOB MaTeMaTUIeCKON IPYTITBI CTOIBKO 2Ke, CKOJbKO YeJI0BeK MOy TN
OpaHKeByIio (PyTOOIKY.



JlenuHrpajackas 001acThb
Bcepoccuiickag ouMmIimaga NiKOJIbHUKOB IO MaTeMaTHUKE
Mynuyunaavrsidi aman
2020-2021 y4.rop,
6 Kacc
Pemennsa u orseThH

1. Nmerorcd Ba Besipa, OJHO 7 JIMTPOB, BTOpoe 3 juTpa. Vmeercsa Kpan U pakOBUHA, OHH
MO3BOJIAIOT HaOpaTh JII000e KOJTMIECTBO BOJBI M, IPU HEOOXOJAUMOCTH, BBLIUTH ee. Hamm-
ITUTe MOCTeI0BaTeIbHOCTD JIeHCTBUI, KaK, HAJUBAasd W BBLJINBAad BOIY U3 BeJlep, MOXKHO
OTMepHUTh pOBHO 1 TP BoAwl. [IpomomkuTe manbire n MOKaxKuTe, KaK MOJIYIATH 2, 4, 5,
6 JiuTpoB BOJbI. BeromorareibHOM MOCY/IbI HET.

Pewenue.

1 yiuTp noJtydaemM, JBa pasa Mocje0BaTeIbHO BBLJINBAas BOJLY U3 BeJpa 7 JUTPOB B BEIPO
3 nutpa. B Goabmom Besipe octanercd 1 JIMTP.

2 auTpa moJiydaeM, TPH pa3a MocaeI0BaTeIbHO BBLINBAS BOIY U3 BeJpa 3 JUTPA B BeJIPO
7 JIMTPOB, HAIIOJIHUB €ro. B MajioM Bejipe ocTaHercs 2 JIMTpa.

4 nuTpa 1MojiydaeM, BbLAUB YaCThb BOJBI U3 BeJpa 7 JUTPOB B BEAPO 3 JINTPA, HAIOJHUB
ero. B 6osbmom Besipe ocranercs 4 juTpa.

5 AUTPOB MOJyuaeM Tak. BepeM [Ba JuTpa BOJbI (MBI Y2Ke YMEeM IMOJYIaTh 2 JUTPA, CM.
BBIIIIE), [IepeJuBaeM UX B GOJBINOE BeIpo, nobaBisgeM 3 JuTpa. IIaTh JUTPOB HAXOMISITCS
B 0OJIBIIIOM BeJIpe.

5 AUTPOB MOXKHO HOJIy9UTh BTOpbIM criocobom. [Toxydaem B Gosbimom Beape 1 autp (oM.
Beimie). [lepesmBaem stor auTp B Masoe Beapo. Hamosnugem Gosbioe Bepo U OTIHBAEM
13 HETO BOJIY B TPEXJIUTPOBOE, B KOTOPOM HaxoauTcd 1 auTp. B GosbimoM Besipe ocTaneTcs
5 uTpoB. Ecam BOoCHOJIB30BATHCS ITUM CIIOCOOOM, TO TOCTE MOJTYIeHUs 5 JIATPOB MOZKHO
MOJIYYUTH 2 JTUTPA, MEePETUB JUITHIO BOIY U3 OOJBIIOrO BeJpa B MyCTOE TPEXJIUTPOBOE.
6 JIUTPOB TOJIydaeM, HAOJIHAA OOJIBIIIOE BEJIPO JBa pas3a 1o 3 JUTPA.

2. B kumacce yunrcsa 28 denosek. B ouH jgeHb KaxKAblil IpuHec 1Mo Tpu ioMacrepa, Kpac-
HbIi, 3e1eHbli, cuuuii. MoryT jin y4eHukn Kjaacca oOMeHAThes (pjioMacTepamMu Tak, 9To0bI
y KazKJIOro 0OKa3aJioch TpH (pJoMacTepa OJIHOro mBera’

Pewenue 1. llpenmmonozKum, 910 TaKoit 00OMeH BO3MOKeH. Bo3bMeM Bcex yUeHUKOB, MOJTY-
YUBIIAX IO TPU KPacHBIX (omactepa. Ipyrux y4eHUKOB, MOJTYUUBIIUX KpacHbIE (JIo-
MaCTePhI, [0 HAIEMY IIPeANooKeHnto, HeT. OTCIoa 9rc/I0 BCexX KPacHbIX (hJioMacTepoB
JIEJIUTCA Ha, TPU. HUCJI0 KPACHBIX (DJIOMACTEPOB, 10 YCJIOBUIO 334U, PABHO 28, MOITOMY
MBI TIOJTY9UJIU IIPOTHBOPEYNE.

Pewenue 2. Bynem BoimaBaTh dbiioMacTepsl no Tpu. CHavaga pas3maauM 27 KPACHBIX, UX
moJIydaT 9 y4YeHHKOB. 3aTeM pa3faaauM 27 3eJIeHbIX U 27 cHHUX (PIOMACTEPOB, UX MOTYYaT
erie 18 yuennkoB. OcTaHeTcs OfMH yUEHUK U TPpu (PJIOMACTEPA PA3HBIX [[BETOB.

Omeem. YdeHUKH He MOTYT OOMEHATHCS (PJIOMACTepaMu TakK, ITOOBI KAYKIBIH TOJTY IUT
Tpu pJroMacTepa OJHOTO IBETA.

3. Ilepen TeneBU30POM CHJIAT TPU HOJAPYKKHU-CHOPHIUNBI. [Ipo KaxK/Iyio U3 HUX H3BECTHO,
YTO OHA WJIM BCET/Ia BO BCEM IIpaBa, WM Beeraa Bo BceM omubaercs. [leppasg ckazasa: "Hu
OJIHA U3 HAC He BHAeaa 3ToT dhuabM’. Bropas ckazasa: "4 Bugena 3tor GpmwabM, a Bl 0be
ue Bujiesin’. Tperbs ckazana: " Bugena sror puibm’. Oupegennre, CKOJIHKO CPEIU STHX
MO/IPYKeK TAKUX, KOTOPBIE BCET/IAa MPAaBbl, €CJIM N3BECTHO, 9TO KAKaA-TO M3 HUX CKA3aja
BCe BEPHO, a KaKasl-TO OmmnbJiach.

Pewenue. Ecim nepBas moJpyzKKa IIpaBa, TO BHICKA3bLIBAHU BTOPOH M TPeTheil HeBEPHDI.
Ecim BTOpas moapy:KKa IpaBa, TO BBICKa3bIBaHUs IepBOil M TpeTbeil HeBepHBI. Ecin
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TpeThs MOJAPYZKKA TMPaBa, TO BHICKA3BIBAHNS BTOPOIl U TpeTheil HeBepHBI. /[Be MoApyKKH
HE MOryT ObITb IIPaBbl OJIHOBPeMEHHO. Tak Kak XOoTsd Obl OJiHA U3 IOJPYZKEK BbICKA3AJIa
BEepHOE YTBEPIKIEHUE, TO BEPHLIX YTBEPZKJICHUI POBHO OJIHO.

Omeem. Cpein OAPYKEK POBHO OJIHA TaKas, KOTOpas BCerya MpaBa.

. Jokaxure, aro npu J06bIX 1eabix 1 npoussegenue (n+ 3)(n+7)(n+ 11) geaurca na 3.
Pewenue. 3amaqda permaercs mepebOPOM OCTATKOB.
[Iycte n = 3k. B sroMm ciydae morydaem

(m+3)n+7)(n+11) = Bk+3)Bk+7)(3k +11) =3(k+ 1)(3k + 7)(3k + 11)

9TO BBIpAayKeHHe JEeJTUTCI Ha 3.
llycrs n = 3k 4+ 1. B 3TOM coryuae nosrydaem

(n+3)(n+7)(n + 11) = (3k + 4)(3k + 8)(3k + 12) = 3(3k + 4)(3k + 8) (k + 4)

9TO0 BBIpAYKeHHE JEeJTUTCS Ha 3.
[lycts n = 3k + 2. B 3TOM coryuae mosrydaem

(n+3)(n+T7)(n+11) = (3k +5)(3k + 9)(3k + 13) = 3(3k + 5)(k + 3)(3k + 13)
OTO BbIparKeHHe JIeJTUTCS Ha 3.
Hapucyiite BoceMb TOUEK M COCTUHUTE UX OTPE3KAMHU TaK, 4TOOBI OTPE3KH He IepeceKa-

JIUCh, U KazK/lasgd TOYKa Obljia Obl KOHIIOM POBHO Ye€ThIPEX OTPE3KOB.
Pewenue. JToctaTouHo npuBecTH pUCyHOK. Bo3MoxKHast Waest COCTOMT B TOM, ITOOBI IMO-

MECTUTDb OJUH YE€TbIPEXYIOJILHUK B ;prroﬁ.

CymiecTByIOT JI TP PA3JIHIHBIX HATYDATBHBIX (UEAbT NOAOHCUMEADHVLT ) TACTA, TAKAX,
9TO CyMMa JIIOOBIX JIBYX M3 HUX SIBJISETCS MPOCTHIM THUCTIOM?

Pewerue. Yucyio 2 He MOXKeT OBITH CYMMOR TPeX TEIbIX MOJOKATENBHBIX ducea. OcTalib-
Hbl€ IIPOCTBIE YuC/ia — HedeTHble. [IycTh Tpu 4mciia, 0 KOTOPbIX CHPANINBAETCH B yCJIOBUU
3a/a49u, cymecrByior. CyMMa MepBoro M BTOPOI0 YHC/Ia HEYeTHA, 3HAYHT, OJJHO U3 ITUX
qucesl YeTHO, a Bropoe HedeTHO. CyMMa BTOPOTrO W TPEThEro Ync/ia HedeTHA, 3HAYNT, O/l
HO W3 9THUX YHCeJ YeTHO, a BTopoe HedeTHO. [losToMy mepBoe m Tperbe ducyio mwim oba
OJTHOBPEMEHHO HedeTHBIe, W 00a OJHOBpEeMEeHHO YeTHble. [loaTomMy cymMMa mepBoro u
TPeThEro YUC/Ia YeTHA, U He MOXKET OBITh HPOCTHIM YHCIOM. 3HAUYHUT, TPEOYEMBIX TPeX
YHUCesT HEe CYIeCTBYeT.

Omeem. Takux 4duces He CyIECTBYET.
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1. MoxHno Jiz pazpe3aThb KBaJipaT Ha JdecdaThb KBaJipaTos? IIpuBeaure npuMep win J0KaxKuTe,
YTO cI0coDa paspe3aTrh He CYIIECTBYET.
Pewenue. loctaTouno npuBect pucyHoK. [lokazaHo aBa cmocoba perreHmus.

2. Haiinure m onumuTe 3aKOHOMEPHOCTH, IO KOTOPO# cocTaBiaeH psij ducesa. Oupepenre
CJIeJIYIONIEE YUCJIO ITOTO PAIa.

112,224, 448, 8316, 6612

Pewenue. 3aMedaeM 3aKOHOMETPOCTH: KayKI0€ UHUCI0 HATMHAETCS C JIBYX OJMHAKOBBIX
mudp, nepsele ABe MUMPH YUCIA CKIAIBIBAIOTCS U IIOJIYYEeHHAS CYMMa 3alliChIBAETCS
3a HuMH. Creaymoolree UHCIO0 HAYAHACTCS ¢ IBYX OJNMHAKOBBIX HHU(MP, COBIAIAIONINX C
nocsieaneit nudpoit npeabLayInero yucaa. 11o 3roMmy npaBuiy, CIeAyOImuM YUCJI0M Oyaer
224.

Omeem. 224.

3. B marasune ToproBaJsu sgO10KaMu. Bo BTOpoil JeHb Ipoaaan 4eTBEPTh OT KOJHIECTBA
s10J10K, IIPOJIAaHHBIX B IEPBbIH JI€Hb, U ellle BOCEMb KHJIOTPaMM. B Tperuii jieHb npojiajin
9eTBEPTh OT KOJUYIECTBa, SI0JI0K, MPOJIAHHBIX BO BTOPOH JIeHb, U €I1e BOCEMb KHIJIOTPAMM.
CKOJIBKO KIIOTPAMMOB I0JI0K TIPOJAIN B TEPBHIH IeHb, €CIN B TPETHil AeHb mpoaan 18
KHIJIOTPAMMOB?

Pewenue. Bynem paccykaath ¢ Konna. B Tpernii gens npoganu 18 Kr s10710K, eCJI OTHSATD
8 KujiorpaMMoB, TO octapiuecd 10 cocTaBAT 4eTBEPTH OT KOJMYECTBA, IPOJAHHOTO BO
Bropoii jenb. [loaromy Bo BTOpOI jenb npoganu 40 kKuaorpammon siook. 3 mux 32
KHIJI0TPaMMa, COCTABJSIIOT Y€TBEPTHh KOJINYECTBAa, MPOJAHHOIO B MepBhiil jeHb. [[oaTomy B
HEePBLIi JeHb npojgain 128 KuaorpaMMoB si0JI0K.

Omeem. 128 KHI0IPaMMOB.

4. Ha crosie jiexkut Tpu Kyuku kouder, B nepsoii 10 mryk, Bo Bropoit — 20 mryk, B Tpe-
theit — 30 mryk. Mama u Purta urpator B HTpy — 10 O4Yepen Je/J4T OJHY JIIOOYI0 KyUKY,
JIEJKAIyo Ha CTOoJe, Ha JiBe JacThu. Vrpa 3akaHdmBaeTcs, KOTJIa KTO-TO U3 JEBOYEK He
MOZKeT ¢JleJIaTh X0/ U TeM caMbIM IpourpsiBaeT. llepsasg xoaut Mama. KTo Beiurpaer B
9TOi urpe?

Pewenue. Pazaentb MOXKHO JI00YI0 Ky4KYy, B TOM YHCJ€ COCTOLILYIO M3 JIByX KOHQET.
[TosTomy mrpa 3aKOHYHUTCSI, KOTJa BCe KOHMETH OYAyT pa3jeneHbl Ha Ky4KH U3 OIHOI
koHdeThl. [Ipeaprayime Xoapl He BAUSIIOT Ha, 0YEPEIHON X0/ — MOKa KyYKH HE KOHUNJINCh,
MOXKHO OTJEJUTH OJHY KOH(MeTy oT apyrux. Yrodsl pasgenutsb 60 KoHdeT, mepBoHadaIb-
HO HaXOJSIIUXCSI B OJHOU O0JbIION Kyuke, HAa 60 KydeK, HY>KHO caenaTh 59 xomos. 1o



VCJIOBUIO 3aJIa9W, JIBa XOJa yKe CIeaHbl, MMeloTcd Tpu Kydku. OcTajoch caenaTh 57
x0/10B. [Toaromy nocsiepuuii, HedeTHslit, xo/1 caenaer Marna.
Omeem. Beiurpaer Marma.

. Hecarsb (pyTOOTBHBIX KOMAHI B T€UeHHE JABYX JIET TOAPsI IPOBEIN ABa TypHupa. KaxK abrit
roJ pe3yJbTaThl TyPHHUPA 3alucald B TaOJIUILY, B KOTOPBIX YKa3aJu MeCTa KOMAaH/ C 1ep-
BOTO TI0 jiecsaToe. Koman1a cunraercs cTabuIbHON, eciin HafieTcss XoTs Obl OfHA JApyTras
KOMAaH/Ia, CTOAINAas HUKe B KaxKJ0# U3 JABYX Tad/ui. Kakoe MUHUMAIbHOE B MAaKCHMaJIb-
HOE KOJIMYECTBO CTAOMIBHBIX KOMAH/ MOXKET OKa3aThCs 0 pe3yabTaTaM JIBYX TYPHHUPOB?
Pewenue. [1o pesyabraTam IByX TYPHUPOB B TaOJHUIAX HE MOMXKET OKA3aThCs JeCITh CTa-
OMJIbHBIX KOMAaH/, TaK KaK HU B OJHON TabJuIle He HaljeTcss KOMaH/a, CTOLAIIAs HUZKe
BCeX jecaTn KoMaH 1. MakcuMa/ibHOe Y1CJI0 CTaONIBHBIX KOMAH/I — J€BSITh, MUHIMAJIbHOE
YHUCJI0 CTAOMJIBHBIX KOMaH I — HOJIb. [IpuBaeM mpuMepsbl paccTaHOBKY KOMAHI B TaOJIAIIAX.
JeBdaThb cTaOUJIBHBIX KOMAH/I IIOJIYIUM, €CJIM OJIHA U Ta YKe KOMAHIa 3aliiMeT JecsIToe MeCTO
B KaKJIOM U3 JBYX TypHUPOB. Torna st KaxKa0# u3 JAeBITH OCTAIbHBIX KOMaHI YCJI0BUE
cTabuyibHOCTU OYIET BBIIOJHEHO.

Housb cTabuabHbIX KOMaH/ TOJYYUM C ITOMOIIBI0 TAaKUX JBYX TAOJIHIL 3a /IBa T0a

Mecto Homep xomanabl Mecto Homep xomanab!
1 1 1 10

2 2 2 9

3 3 3 8

9 9 9 2

10 10 10 1

[IepecTanoBKa KOMaH B 0OPATHOM IOPsIJAKE MPUBOAUT K TOMY, YTO BO BTOPOil rom st
JII000# KOMAaH/Ibl He HaliIeTcsd KOMAHIBI, KOTOpas CTOsLIa HUKEe ee B MepPBBINA o,
Omeem. Munumasibaoe aucio — 0 crabmIbHBIX KOMAHJI, MAKCAMAaJIbHOE IUCI0 — 9 cTa-
OMJILHBIX KOMAaH,.

Hanuinure Bce mnpocrbie duc/ia, KOTOPble HEJIb3sd HPEJACTaBUTh B BUJE CYMMbI JIBYX CO-
CTABHBIX YUCEI.

Pewenue. Uncao 2 Hesb3s1 MPEJCTABATH B BHJIE CYMMBI JIBYX COCTABHBIX 9UCes (IHCIO
1 He sBJISIETCS HU HOPOCTBIM, HU COCTaBHBIM). [lajiee paccMaTpuBaeM TOJNBKO HeYeTHBIE
IPOCTHIE YUC/IA.

Paznoctb MexK 1y JIFOObIM IIPOCTBIM YUCJIOM, O0JibIIUM 13, u uncjioM 13, dBJIsieTCsd YeTHbIM
qucsioM. 1IycThb 9Ta pasHOCTh I JAHHOIO MPOCTOTO YHCJa p paBHa d, T.e. p —d = 13.
Yucso 13 umeer neobxoaumoe mpejcrapierne B Buje cyMMbl, 13 = 9 4 4. [IpubaBus k
qucJy 4 9ucso d, MbI MOJyIUM HEeO0OXOJAUMOe IIpPeJICTaBJAeHHe IIPOCTOr0 YUCIa P B BHUJE
cyMMbl 9 1 geTHOTO wmceaa 4 + d.

[IepebopoM BapHAHTOB CYMMHPOBAaHHUs IOIyYaeM, U4TO HU OJHO W3 ducen 3,5,7,11 e
[PEJICTABASCTCS B BUJIE CYMMBI JIBYX COCTaABHBIX YHCEJI.

Omsem. 2,3,5,7,11.



JlenuHrpajackas 001acThb
Bcepoccuiickag ouMmIimaga NiKOJIbHUKOB IO MaTeMaTHUKE
Mynuyunaavrsidi aman
2020-2021 y4.rop,
8 Kiacc
Pemennsa u orseThH

1. Ot llenTpaabHOii IJIOMIAIH JI0 BOK3aJa ST HpsaMas VJIUIA, KoTopad pasjesieHa 11-10
mepekpecTKaMy Ha 12 OMMHAKOBBIX KBapTaJoB. Ha KaxkmoM mepekpecTke yCTaHOB/IEH CBe-
tocdop. Bece cBerodopbl 0IHOBpEMEHHO BKJOYAIOT 3€/I€HBIIl CUIHAJ HA 3 MUHYTHI, 3aTeM
Ha 1 MUHYTY OJHOBPEMEHHO BKJIIOYAIOT KPACHBINH curHaja. ABToOyCy TpeOyercs jaBe M-
HYTBI Ha TO, YTOOBI MpoexaTh KBapTasa (0T MepeKpecTKa J0 MePeKpecTKa), JIErKOBOH aB-
TOMOOI/Ib IIPOE3KALT OJMH KBapTaJ 33 MHHYTY. ABTOOYC M aBTOMOOM/Ib OJHOBPEMEHHO
BBIE32KAIOT OT ILIOIIAIN, B 9TOT MOMEHT Ha BCeX cBeTodOpax 3aropaercsd 3eenbiii. Kakoe
TPAHCIIOPTHOE CPEJACTBO MEPBLIM IPUEIET HA BOK3aJI, I HA CKOJIbKO MUHYT paHbIIe?
Pewenue. JlerkoBoit aBTOMOOIIL TIEPBbIE TPU MUHYTBI IIPOEJET TPHU KBaprasa 0e3 mpe-
ngarcTuil. [Ipu moabesie K mepekpecTky, OTAe/d0IeMy TpeTuil KBapTaJj OT YeTBepTOoro,
aBTOMOOMJIb OCTAHOBUTCS Ha cBeTodope Ha 1 munyrty. Takum obpaszom, 94ToOB IpoexaTh
TPH KBapTaJja ¥ HAYaTh JIBHKEHHE 110 YeTBEPTOMY KBapTasIy, aBTOMOOWIIO MOTpedyeTcs
yerbipe MUHYTHI. /lajiee jBuzKeHue aBTOMOOWUIISI TOBTOPUTCSH, JIEBATHI KBapTaJj BMeCTe
C TePeKpPecTKOM OH MOKuHeT depe3 12 muuyT. Chemymoomme Tpu KBapTajga aBTOMOOWIb
mpoesieT 3a 3 MUHYTHI, W, TaK KaK TOCIe JIBEHAIIATOr0 KBapraja HeT cBeTrodopa, OH
OJIbEJIET K BOK3aJIy depe3 15 MHHYT 1I0CJIe Bble3/1a OT ILIOMIAIH.

ABT00yC poemeT mepBhIil KBapTaJI, IEPBBIii IEPEKPECTOK U BTOPOi KBApTaI 6€3 0CTaHOB-
KM U IOJbeJeT K BTOPOMY IEPEKPECTKY B TOT MOMEHT, KOI'JIa KPACHBII CBET CMEHHUTCS HA
zesienbiii. [loaToMy B Hadajie TpeTbero KBapraJja MOBTOPUTCS TaKasl YK€ CHTyallnd, KaK B
HadaJje MepBoro Kpapraaa — aBToOyC HAYMHAET JIBUKEHUE M0 TPETheMY KBapTaay B MO-
MEHT, KOIJIa Ha cBeToope 3aropeJics 3ejeHbril. /lajiee oH cHoBa mpoejieT Bece NePeKpecTKu
6e3 ocTaHOBOK Ha cBeTodopax. Bpems apmkenust aBrodyca — 24 MUHYTHI.

MTak, aBTOMOOIIb IpHEIET PaHbINe HA 9 MUHYT.

Omeem. llepBbIM npueIeT JETKOBOH aBTOMOOW/Ib, OH ONEepeInT aBTodbyC Ha 9 MUHYT.

2. Haiiniute Bce pellieHns ypaBHEeHUS
ot =97+ 2 +2

rJe T, Yy — MeJble YUca.
Pewenue. Beigenm KBaapaT cyMMBI B TpaBOil 4acTH, ITepeHeceM KBaJipaT BJIEBO U pa3-
JIOKUM JIEBYIO 9aCTh Ha MHOXKUTEJH.

=y 421+l 2t =(y+ 1) 41
at—(y+1)?=1
(@ —y—DE"+y+1) =1

[TpousBenenune AByX IeJIbIX MHOXKHTEIEH paBHO 1 TOJBKO TOTJIa, KOr/JAa 00a 3TH MHOMKHU-
TeJsst OJITHOBpeMeHHO paBHbl 1 wan —1. Permum j1Be cucreMbl ypaBHEHMIH.

?—y—1=1,
?H+y+1=1
Croxkum 1Ba ypaBHEHHSI.
2% =2



% =1,
y=—1.

[Monyunnu ase napsi pemennii (—1, —1) u (1, —1). Permaem BTOpyIo cucremy

2 —y—1=-1,
2 +y+1=-1.

DTa cHCTeMa pelleHuil He IMeeT, TaK KaK HIPUBOIUT K ypaBHeHHio 212 = —2.
Omeem. (—1,—1)u (1,—1).

. Crynent ITlers xpanut cBom daitibr Ha (uienkax U HA MEPEHOCHBIX YKECTKUX JIHCKAX,
IpuYeM y Hero 9ucjo (paityioB HA MEPEeHOCHBIX JUCKAX 0O0Jible, 4eM ducjao (hailjioB Ha
daemrkax. Kosmdaectso daitnos ¢ dororpadusamu y Ilern Gosbine, vem daitioB ¢ Tek-
cramu. Obsg3aTeIbHO JIM Ha NEePEeHOCHBIX JucKaxX y Ileru ecth daiiisl ¢ dpororpacdusavu?
Pewenue. [la, na nuckax obs3aTesbHO uMeoTcs daitianl ¢ dpororpacduamu. Jokazareinb-
cTBO o1 nporusHoro. Ilycrs Ha juckax Her daitioB ¢ dororpadusivu, Toraa Bee JUCKU
3aHaThl aitiamMu ¢ Tekcramu. Uucsio ¢ailsioB Ha JaucKax OoJbliie, dyeM Ha QJielrkax,
MIO3TOMY YHCJIO TEKCTOBBIX (hailJioB Ha JICKaX 00JIbIe, 4em odInee 1ucio pailjaioB ¢ TeK-
cramu u ¢ pororpacdusamu Ha dJienmkax. JHAYAT, YUCTO0 PailoB ¢ TeKCTaMu DOJIbIIe, YeM
qucsio daition ¢ dpororpadusmu. [loayuunam nporuBopedne.

Omeem. Ha mepeHOCHBIX TUCKaX 00sg3aTebHO UMeloTcs (bailabl ¢ poTorpadusMu.

. B germipexyronpauke ABCD touku X,Y, 7 — cepenmasl orpeskos AB, AD, BC co-
orBercTBeHHO. 3BecTHo, uTo XY mnepnenmukyiapen AB, Y Z nepnengukynsapern BC,
Besmunna yria ABC pasua 100°. Haiigure Besmauny yroia ACD.

Pewenue 1. Tpeyrombuuku AY B, BY C, AYC u CY D — paBHOGepEHHBIE, 9TO CIEAYET
u3 ycaosus. O6o3naunm paBubie yrabl /BAY = /ABY =z, Z/CBY = /BCY =y,
/ZDCY = LCDY = z, ZCAY = LACY = v (em.puc.). Ham gano, aro x +y = 100°.
Tpebyercsa naiitu z + v.

Cymma yriio B yerbipexyrosnbauke ABC'D paBua  +x +y +y + 2 + 2 = 360°. Orcroaa
z = 80°. Beraucinm BeTmawHy yrJia MpH Bepinuae paBHoOeapernoro Tpeyroabanka C'Y D.
ZCY D = 180° — 2z = 20°. DTOT Yyroj sSBILAeTCS BHEITHUM yrjioM Tpeyrojibauka AY C,
modromy ZCY D = 2vu, orkyna v = 10°. Temepb moxkem Haiitu Benmumny yriaa ACD.
LACD = z 4+ v = 80° 4 10° = 90°.

Pewenue 2. N3 ycaosust cpa3y ciaeayer, uro rpeyroibiuku AY B u BY C' — paBuobe-
peHHbIe, ¥ DOKOBBIE CTOPOHBI Y HUX DaBHBI MeKIAy c000ii u paBubl orpeskam AY u Y D.
[Toxyaaem, aTo ToUka Y — MEHTP OKPYKHOCTH, OMHCAHHONW BOKPYT YETHIPEXYTOJIHHUKA
ABCD, npu stom AD — numamerp 31oit oOKpyzxKHOCTH. 3Ha9nT, yroa AC'D — nupsamoi.
Omeem. LACD = 90°.



5. CymiecTBYIOT JIM TaKue TIeCTh HATYPATBbHBIX YUCEN, 9TO HU OJIHO U3 HUX He JeTUTCS HU
Ha OAHO U3 OCTaJIbHbLIX, & KBaJApaT KazKJI0I'0O U3 HUX ACJIUTCHA Ha KazKJ10€e U3 OCTaJIbeIX?
Pewenue. Takue qucia cymecTByior. BozbMeM 1IeCTb pa3inydHbIX TPOCTHIX THCE
D1, P2, P3, P4, D5, Pe- LlOCTPOUM TIIECTH THUCET

ay ZP%'P2'p3'p4'p5'p6

— 2
Q2 =P1 P2 P3-D4"DPs5"DPeé
— 2
a3 =P1 P2P3-Pa"DP5"De
_ 2
¢ = P1 P2 P3 P4 D5 " Pg
[TpoBepkoii yberK 1aeMcst, 9T0 HU OJHO W3 YHCEJT He IETUTCS H Ha KaKoe-J1u00 Ipyroe (us3-
3a HAJMYKs KBaJpaTa OJHOTO U3 IPOCTHIX YHCe B jtesuTesie). Bo3senenune a060ro ducia
B KBaJpaT JlaeT HeOOXOIWMBIH KBaJpaT MPOCTOT0 YUCJIA, W BTOPOE YCJIOBHE JEJTHUMOCTH
BBITIOJTHAETCS.
Omeem. Takue ducia CymecTByoT.
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Bcepoccuiickag omuMnnasa NiKOJbHUKOB II0 MAaTEMATHKE
Mynuyunaavrsidi aman
2020-2021 y4.rop,
9 knacc

1. B marasun npupessin HOBYIO cepuio "Kuuaep-ciopupu30oB” — MOKOJIATHBIX SHUIl, B KazKIOM
13 KOTOPBIX HAXOIUTCS OJHA UTPYIIedHas Marmuaka. [Ipomasen ckazan [lete, 4To B HOBOIt
CepUH BCEro IATh PA3JMYHBIX BHIOB MAIIHHOK, U 110 BHEITHEMY BHILY HEBO3MOZXKHO OIIpPe-
JIEJINTDH, KaKas MalllnHKa BHyTpHu. Kakoe MUHUMAIbHOE KOJIUIecTBO "KUHIep-CIOpIpPU308”~
JToIzKeH KynuTh [lerss, 4T00bI rapaHTHPOBAHHO UMETH TP MAIIUHKH OHOTO, HEBAYKHO Ka-
KOro, Buja’?

Pewenue. Ecnu Iers kynut 10 "Kunaep-ciopapu3oB”, To Ipu HeOJIATONPUITHOR /1 HETO
CUTYyaIlMu OH IOJIYIUT 110 JIBe MaIIMHKNA KaxKja0ro Buja. Ecim on kymnur 11 "Kunjgep-
CIOPIPHU30B”, TO TOJYYUT TPU MAIMMHKHA KaKOro-To ojHOoro Buga. Jlokaxkem 3to. Ilycrh
[lera xynun 11 "Kunjep-ciopupu30B’, HO He MMOJYYUJ TPH MAIIMHKHA OJHOTO BHIA. DTO
O3HAYAET, YTO YUCJIO MANIHHOK He 6oJibire, yeM 10 (0 JBe MAIIHHKA OJHOTO BHJA, BCETO
Tk BUIOB). [IpoTuBOpeUne.

Omeem. llerst nomken kynuth wHe menee 11 "Kungep-ciopupu3os”.

2. [okazkuTe HEPABEHCTBO LIS JIIOOBIX BEIECTBEHHBIX a, b, ¢
5a® + 5b% + 5¢2 > 4dab + 4be + 4ac

[Ipu kakux a, b, c BLIIOJIHSIETCS PABEHCTBO?
Pewenue. IIpeobpasyemM HepaBEeHCTBO, BHIIOJIHUB PABHOCIIbHbBIE MPEOOPA3OBAHMS.

5a% + 5b% 4+ 5% — 4ab — 4bc — dac > 0

4a® — 4dab + b* + 4b* — 4bc + & + 4c® —dac+a®> > 0
(2a —b)* + (2b — ¢)* + (2c —a)* > 0

DTO HEPABEHCTBO PABHOCHILHO MCXOAHOMY. OHO BEDHO, TAK KAK MOJYUEHO CJIOZKEHHEM
TpeX BEPHBIX HePABEHCTB.
HepaBencTBo obpaimaercs B paBeHCTBO IPH BBIIIOJTHEHUN

2a = b,
2b = c,
2c = a.
[TocaegoBaTeIbHO TOACTABISIEM TEPEMEHHbIe B ypaBHEHWs CBepXy BHU3: b = 2a,c =

4a,8a = a. 3naunt, a = 0, pemnrerue cucreMbl a = b = ¢ = 0.
Omseem. HepaBencTBo joka3ano, 0HO obpaliaercd B paBeHCTBO npu a = b = ¢ = 0.

3. Yernipexyronpauk ABC' D onucan Bokpyr okpy:kuoctu. Bepmunsr A, B, C, D gapasgiorcsa
IEHTPpaMu OKpYxKHOcTeilt S, Ss, S3, 54 coorBercrBerHHO. OKpyzKHOCTH S7 H Sy KacawTcd
BHEITHUM 00pa30M B TOYKe X, aHAJTOTHYHO So W S3 KacaloTcs B Touke Y, S3 u Sy — B
Touke Z, Sy u S; — B Touke V. JloKazkuTe, UTO CyIIECTBYET OKPY’KHOCTH, OIHCAHHAS
BOKDYT 4eTbipexyrojbuuka XY ZV.

Pewenue. YemoBue, 9T0 1Be OKPYZXKHOCTH ¢ IeHTpaMH A m B Kacaiorcs apyr Apyra B
TouKe X, IPUBOIUT K TOMY, 9TO TOUKa X JIE;KUT Ha oTpe3Ke A B, coeIuHSIONEM IeHTPHI,
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D

u AX + XB = AB. Aunanornusno, BY +YC = BC, CZ+ZD =CD, AV +VD = AD.
Tpeyronvuuku AXV, BXY, CY Z, DZV — paBHoOeipeHHbIe. BUCCEKTPHUCHI YIJIOB Y€ThI-
pexyroabauka ABC'D gaBasiiorcst ONCCEKTPUCAMHE YIJIOB 9THX PABHOOEIPEHHBIX TPEYIO/Ib-
HUKOB, W, CJIeJJOBATeIbHO, MeIMaHAMU U BbicOTaMu. [[09TOMY OMCCEKTPUCH YIIOB YeThi-
pexyroabauka ABCD gBASIOTCS CepeIMHHBIMHU MEPIEHIUKYIsIPAMHA K CTOPOHAM YeThI-
pexyroabauka XY ZV. CymecrByer BIucaHHasi OKPY>KHOCTH deTbipexyroibauka ABC D,
MIO3TOMY BCe YeThIpe OHCCEKTPUCHI ero YIJIoB mepecekatorcs B ogaoil Touke (. [TosTomy
BCe YeThbIpe CepeUHHbIX IIePIeHIUKYIApa K CTOPOHAM deThipexyrojibauka XY ZV mepe-
CEKAIOTCs B OJTHON TOUKe, W OH dABJISIeTCs BIIMCAHHBIM B HEKOTOPYIO OKPYKHOCTD.

OxkoHvaHme pernreHnst MOXKeT ObITh MpPoBeJeHo wHave. Ecn 10Ka3aTh, YTO TPEyroJIbHUKA
AXV, BXY, CYZ, DZV paBHobeipeHHbIE, MOKHO OTMETUTH HA PHUCYHKE UX IOHAPHO
pPaBHBIE YIJIbI U 3aT€M J0Ka3aTh, 9TO CYMMBI MPOTUBOIMOJJIOKHBIX YIJIOB 9eThIPEXYTOIbHI-

ka XY ZV cocrasagaior 180°.

[Iycts S — cymma 1 p HEKOTOPOrO MATU3HATHOTO YHC/IA, BCe TMU(PBI KOTOPOTO PA3HBIE
U HEHy/ieBble. BeITiucanm Bce MATU3HATHBIE YHCJIA, MOJIYIeHHbBIE TIePECTAHOBKON 1udp mc-
XOJIHOI'O YHCJIa, & 3aTEM BCE BBIIMMCAHHBIC YUC/IA, BKJIIOYAd U UCXOTHOE YUCIO, CJOXKUIIU.
Jokakure, 9TO MOIyYeHHAs] CYMMa, JeJIMTCT Ha S.

Pewenue. IlycTs gammoe 4ameno mMmeeT BHI a4 - 10% + az - 10° 4+ ag - 102 + a; - 10 + ay.
CucremaTusmpyem Bce BbIMUCAHHBIE YuCIa. [lepBoiil pa3 caenaem Tak. CrpynnupyeM Bce
HAMMCAHHBIE YHC/Ia B TATH TPYII, B KayK/10# rpymme mepBas nudpa coBnamaer. B srux
IPyIIax [0 OYepe/Id Ha [IEPBOM MECTe CTOUT KaxKaad u3 ndatu nudp. BayTpu ogHoit Takoit
IPyHIb cobepeM BMecTe Bee YHCJIa, Y KOTOPBIX COBIIalaeT Bropasd mudpa. latee, BHyTpn
OPa30BABIINXCSA IPYIII €Ile Pa3 TPYIIHPYEM YUCIA, Y KOTOPBIX COBIAIAET TPeThs Iudpa.
Hakowner, ocraercsi cucreMaTH3npoBaTh J(Ba, 9ucja 10 YerBeproii mudpe (msaras nudpa
OnpesiesIsieTcsa OHO3HAYHO). MBI OKa3a/Im, 9To BCe YicIa COOMPAIOTCS B TPYIINbI DABHO
gqucsrennoctn (1o 4! = 24 guncna), no conazmatoreii neproii mudpe. Ho takyio ke cncre-
MaTH3aIUI0 MOXKHO IIPOBECTH, HAYAB CO BTOPOil MUuppHI, 3aTeM ¢ TpeTheil, n Tak jaJiee JI0
OATOR. DTO O3HAYAET, UTO JJIsd TOTO, YTOOBI CJI0KHTD BCE UUCIA, MOYKHO IO OTIEJIHHOCTH
CJIOYKUTH BCE PA3Psi/ibl, U B KaXKJIOM pa3psijie OyIeT OAMHAKOBOE KOJUIECTBO C/IATAEMbIX,
cofepaKammux onpeaeneHuayio mudpy. Mrak, cymma Bcex dmces MpeiCcTaB/ISeTCs B BHJIE
CYMMBI TI0 pa3psijiaM CJIeAYIONUM 00pa3oM

(a4+a3+a2—|—a1+a0)-4!~104+
(a4+a3—|—a2+a1—|—a0)-4!-103+
(ag + az + as + a; + ag) - 4! - 10+
(ay + a3+ as + a; + ag) - 4! - 10+
(a4—i—a3—|—a2+a1+ao)'
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MpI BHIMM, 9TO 9Ta CyMMa JeJIUTCI HAa S = a4 + a3z + as + a1 + ag.

5. Tabauna 3 X 3 nepBoHaYaIbHO 3aII0JHEHA HOJIMKAMU. 38 OJIMH X0/ B Ta0JIUIle BHIOMpPaeTCs
J060#t KBajpaT 2 X 2, 1 B HEM BCe HOJIUKH 3aMEHSIOTCS Ha KPECTHKH, & BCE KPECTUKH -
Ha HoytmKHU. HazoBeM "pucynkoM” T1000€ pacioioKeHne KpeCTHKOB U HOJTUKOB B TaOJIUIIE.
CKOﬂbKO Pa3JIMYHBIX PUCYHKOB MO2KHO IIOJIYYUTDH B PE3YyJibTaT€ BBIIIOJHEHUA TaKHUX XO-
08! PucyHkm, mosiygaiomuecs OJuH U3 JIPYroro B pe3ysabrare moBopora Ha 90° mwim 180°
IPaJyCcoB, CIUTAEM PASHBIMU.

Pewenue. Ilepsolit ciocod. Paznmndnbie pUCYHKI OTJIMYAIOTC ILTIOCOM UJIH MUHYCOM XOTSI
OBl B 0HOI KJeTKe Tabauibl. CHMBOJ, CTOAINMMI B JAHHON ompeae/IeHHON KIeTKe, 3a1a-
€TCA YeTHOCTBIO MJIM HEYETHOCTDHIO KOJIMYECTBa BBIIIOJIHEHHBIX 3aMCH B Ka2KAO0M KBaJdpaTe
2 X 2, conepzarieM 3Ty Kjaerky. KaxKaprii KBajgpat 2 X 2 cOJIEpPKUT POBHO OJHY YIJIOBYIO
KJIETKY Ta6ﬂI/ILU)I, n YKazKJ0T'O TaKOT'0 KBaJpaTa YIJIOBadA KJIETKa CBOA. quHOCTb nJjn
HEYETHOCTDH 3aMEH B KayKJIOM KBaJpaTe COOTBETCTBYET CHMBOJIY, CTOAIIEMY B €O €JIMH-
CTBEHHOU YIJIOBOW KJIeTKe (€C/aH B YIVIOBOH KJIETKE CTOMT KPECTHK, THCJIO 3aMeH ObLIO
HEYE€THbIM, €CJIUM CTOUT HOJIMK — YHCJIO 3aMeEH 6bIﬂO quHbIM). HOSTOMy KazKJasd KOM6I/IHa—
g CUMBOJIOB B Ta6JH/H_[e OJHO3HAYHO COOTBETCTBYET KOM6I/IHaI_[I/II/I HOJIMKOB U KPECTUKOB
B YIJIOBBIX KJIE€TKaX Ta6J'H/H_[bI. TaK KaK 9UCJIO pa3JIMYHbIX KOM6I/IH&HI/II71 B YeThIpEX KJIeT-
Kax pasHo 2* = 16, To Bcero cymecTByeT 16 pUCYHKOB.

Bropoit criocod. MoxKHO cOCTaBUTH TabJIUILY IIEPEeX0/I0B U MOKa3aTh, YTO IPU MHOTOKpAT-
HOM BbIIIOJIHEHNH 3aMCH BO3HUKAIOT HUKJIbI, © OAHU PUCYHKH II€PEXOJAT B APYyIrue. HI/I)Ke
IIOKa3aHbl BCE€ UMEIOHIUECd BO3SMO2KHOCTH PaCCTaBUTh KPECTUKU W HOJUMKH, U KOJUYICCTBA
COOTBETCTBYIOIIMX PUCYHKOB B OJIHON rpyiire. PUCYHKH OJIHON IPYIIbI OTJIMYAIOTCS JIPYT
ot npyra nosopotamu Ha 90° miam 180° rpaaycoB. Haim4une nuKI0B 1I0Ka3bIBaeT, YTO KO-
JUYEeCTBO PUCYHKOB OTPAHUYEHO, H WX MeHbIIe, deM 27,

0| +| + +| 0|+ 0/0jo0
o~ 0lol0 0|00
++|0 +|0 |+ 0/{0|0
2 pucyHka 1 prcyHOK 1 pucyHok
+| 0|+ ol +|+ +|10]|+

+ |+ 0| +| + +|0]+

+0 0(0]|0 0/0]0
4 pucyHka 4 pucyHka 4 pucyHka

Omeem. 16 puCyHKOB.

13



JlenuHrpajackas 001acThb
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1. 50 ydenur; ¢ maToro no JeBATHINH KJjacc onyoankopaan B lHcrarpamme cymmapao 60 do-
Torpaduii, KaxKaast He MeHbIe 01HOI. Bee yuennipr ogroro kiaacca (omHO napaJiiesin)
onybIMKOBaIM paBHOe Y0 (boTorpaduii, a YIEHUIIBI PA3HBIX KJIACCOB (Pa3HbIX HapaJ-
Jesieit) — pasznoe. CKOJIBKO yueHuIr omy6anKoBaau o ogauoit dpororpadun?

Pewenue. Ilycrb cnadasia Kazkjasd U3 ydeHUIl oiyo/mKyeT 1o ojHoit dpororpaduu, npu
srom Oyaer omybaukoBano 50 dororpaduit u3 60. Ocraerca onybmkosats 10 dgroTorpa-
dbwit, HAZOBEM WX JOMOJHATENBLHBIME. BCEro y Hac maTh pasHbIX KJaccoB (mapaJuieseii),
u 3tu 10 dbororpaduii 10MKHBI OBITH OIYOJIUMKOBAHBI PA3HBIMU YUYCHHUIIAMH PA3HBIX KJIaC-
COB, IPHYEM B pa3HbIX KojndecTBax. OcTaoch 3aMeTuTh, 4to 1+2+34+4 = 10, T.e. ogny
JIOHOJTHUTEJIbHYIO hpoTorpaduio MoKeT OiyOJIMKOBATh TOJBKO OJIHA YYEHUIA KAKOI'O-TO
KJIACCA, JBE JOMOJHUTEIbHBIX — JApPyTas, U3 APYroro KJaacca, W TaK [aajee, BCETO YeThbi-
pe YUEeHHIIBI 9eThIPEX PA3HBIX KJIacCoB. [loaTomy mo omuoit ¢dororpadun omybmKoBa M
46 yueHUI| U3 KAKOTO-TO KJacca (MapaJjuiesin), a 4eTbipe YUeHUIbl ellle YeThIPeX KJIacCcoB
onybnKoBaIn octapinuecs 14 ¢ororpaduii, ogHa — ABe, OJHA — TPHU, OJHA — YETHIPE,
OJIHA, — TSATh.

Omeem. 46 y4aenun ony0/uKoBa/In O OHOI (doTorpacdum.

2. Haligute 3Ha4YeHNe BHIpaXKeHUS
22 442+ 62+ ... +2018% +2020% — 12 — 32 — 5% — ... —2017* — 2019

Pewenue.

20202 — 20192 + 20182 — 20172+ ... + 62 — 52 442 — 32422 — 12 =
= (2020 — 2019)(2020 + 2019) + (2018 — 2017)(2018 + 2017) + ... +
H(6—=5)(645)+ (4—3)(4+3)+(2—1)(2+1) =

— 2020 + 2019 + 2018 + 2017+ ... + 6+ 5+4+3+2+1 =

202 1
= % - 2020 = 2041210

Omesem. 2041210.

3. a u b — monoxurenbabie dncaa, u a + b = 2. Jlokaxkure HepaBEeHCTBO

1 1

>1
a?+1 + b2+1—
Pewenue. Hanumem jBa pasencrsa.
1 B a’+1—a? B a?
a2+1 a2+1 a?+1
Anajiorugano
1 b2

- 1
b2 +1 b2 +1
[lepenuiiieM HEpaBEHCTBO B PABHOCUJIBLHOIN (hopMme.

1 n 1 S
a?2+1 b2+1—

1
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@@ - P o
a?+1 b2+1—
a? b?

<1
a?+1+b%+1—

1—

1
okaxkeMm 3TO HepaBeHCTBO. llcmonbp3yemM m3BecTHOEe HEPpABEHCTBO a + — > 2.

a
a’>+1>2a
1 1
<
a?+1 " 2a
a? a
< Z
a2+1— 2
Anagornano

b? b
< 2
b24+1 7~ 2

C1okuM 3TH HEPABEHCTBA

a? b? a b

<4+ -=1
ﬂ+1+@+1—2+2

31ech yureHo a + b = 2, mosroMy mpaBad dacTh paBHa 1. /lokazaHnoe HepaBeHCTBO
PaBHOCHJILHO HEPABEHCTBY B YCJIOBUU 3a/a4H.

. B ocrpoyrosbaom Tpeyroabauke ABC cropona AB gBisgercd JuaMeTpoM OKPYzKHOCTH,
KoTopas mepecekaer 60koBble cTopoHbl AC' u BC' B Toukax P u () coorBercTBeHHO. Ka-
carejbHbIE K OKPYXKHOCTH, IPOBeJeHHBIe B Toukax P u (), mepecekaiorcsa B Touke F.
Hokaxkure, uro npsmbie C'F' u AB nepueHiuKyJisipHbl.

C

A B

Pewenue. Ilposegem orpesku AQ u BP. Oun saBisorcs BeIicoTaMu Tpeyroybauka ABC,
9TO HETOCPEJICTBEHHO CaeayeT u3 Toro, uto AB — nmamerp. IlycThb 3Tu BBICOTHI mepe-
cekatorcs B touke H. Jlokaxkewm, uro npsmast C'F npoxomgur yepe3 Touky H, Toryja oHa
Oy1eT cojiepzKaTh BBICOTY TPEYTOJbHUKA U OKAZKETC S epneHnKyaapaoit AB. ObosHauum
yrael ZBAQ = a, ZABP = 3. Tlo u3BecTHOi Teopeme, yroJ MeK1y XOPAOil U KacaTejb-
HOI paBeH BIUCAHHOMY YTJUIy, OMHPAIONIeMycs Ha 3Ty xopay. [losTomy TakzKe BBITTOTHS-

forcs pasencrsa LZCQF = o, Z/CPF = 3. Jlanee, ZAHB = 180° — a — f = ZPHQ.
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/ZFPH =90°—-03, ZFQH = 90°—a. MoxeM BLIYUCIUTD Besmuuny yriaa PFQ. ZPFQ =
360°— /FPH — /FQH — ZPHQ = 2(a+ (3). Tenepn 3aMeTuM, 4T0 yI/Ibl TPEYTOJIHHUKA
ABC Boipaxkaiorcs uepe3 au 3. ZCAB =90° — 3, ZCBA =90° — a, ZACB = a + (.
Orpeskn kacareabubix FP u F'() paBabl MexX 1y co00ii, MOKHO TIOCTPOUTH OKPYKHOCTH C
meHTpoM B Touke F' u paguycom F'P = FQ). Uenrpanbuslit yroa ZPF(Q) B n1Ba pasa 60/1b-
me yraa ZPCQ, nostomy Touka C' JeXKHT Ha 9TOH Ke MOCTPOEHHOH OKPYXKHOCTH. MBI
nostyumin, uro FFP = FQ = FC, nosromy ZFC(Q = «a. B tpeyroibuuke ABC' BbicoTa,
npoBesieHHast u3 Bepiuael C) coctapisier yros o co croponoit C'B (310 u3BecTHbIil hakT,
BBITEKAIONTHH W3 MOM00MS IBYX MPSIMOYTOJBHBIX TPEYTOJbHUKOB ¢ 00Ieii BepimuHoi B).
Otcrona ciaeayer, aro upamas C'F' comepKUT BBICOTY TPeyroJbHIKA.

C

5. lanwl HaTypaJsbHBle yucaa 1, 2, 3 ..., 10, 11, 12. PazgennuTe ux Ha /iBe TPYNILI TaK, 9TO-
OBl YaCTHOE OT JIeJIeHUSI IPOU3BEICHNS BCeX YUCE MePBOM IPYIIIBI Ha IPOU3BEIeHUEe BCEX
4qHCesI BTOPO# IpyIiibl ObLIO Obl HEJIbIM YUCJA0M, U HPUHUMAJIO HAUMEHbIIIEe BO3MOZKHOE
3HadeHne. eMy paBHO 5TO YacTHOe?

Pewenue. PaziaokuM JaHHbIe HAM YUC/Ia HA TPOCTHIe MHOYKHUTEIN W HaiileM WX Mpon3Be-

Jlenue.
1-2-3-4-...-10-11-12=21.3>.52.7.11

Mmuoxutenn 7 u 11 He umeroT napsl. OauH U3 MHOXKHTEIEH 3 He uMeeT Hapsl. [loaTomy,
LITO6bI JaCTHOE 6BIJIO IeJIbIM, 9TH IPOCTbl€ MHOXKHTEJIM, HEe UMEIue I1ap, HeO6XO,ZLI/IMO
IIOCTaBUTH B YUCJIUTEb. qaCTHOG HE MOXKEeT INOJIYyIUTHCA MEHbIIe, 9YeM Jal0T 9THU TpPU
HECOKPATUMBIX MHOXKUTe . OcTaabHble TPONKHU, NATEPKU U JBONKH HYKHO PAacCTaBUTh
MOIIAPHO B YMC/JIUTEb U 3HAMEHATEIb TaK, YTOOBI Hapbl COKpaTHIuch. OMUH U3 crrocoboB

HalMCcaH HUZKE.
7-11-1-2-3-8-9-10

=231
4-5-6-12

Omeem. 231.
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JlenuHrpajackas 001acThb
Bcepoccuiickag omuMnnasa NiKOJbHUKOB II0 MAaTEMATHKE
Mynuyunaavrsidi aman
2020-2021 y4.rop,
11 kuacc

1. CymiecTByIOT i1 B NPOCTPAHCTBE YeThIpe pa3IudHble TOUYKH, TAKHE, 9TO y JIOOBIX TpexX
13 HOX HET COBIAJIAIONINX 3HAUEHHI KOOPIMHAT, HO JIOObIEe JIBe U3 HUX UMEIOT OJIHY COB-

MaJAMOILYI0 KOOPANHATY !

Pewenue. Ta, cymecrsytor, nanpumep A(0,0,0),C(1,1,0), B1(1,0,1), D1(0,1,1). (O60-
3HAYCHHS JIId TOYEK BBIOPAHBI MCXOJd U3 IPOCTOIO CHOCODA MOCTPOUTH HPUMEP — ITO
BEPIIUHBI TeTpa’3apa, BOUCAHHOIO B eauHndHblii Ky0 ABCDA,B1CD,. 3agada umeer
MIPOCTYIO TEOMETPUYECKYIO UHTEPIPETAIIUI0 — MOKHO JIU PACIOJOKUTH YEThIPE TOUYKU B
[POCTPAHCTBE TaK, 4TO0bI JI00ast TPOMKa He JieyKaJia B OJIHON IJIOCKOCTH, HapaJLiebHOR
OJTHO# M3 KOOPJAMHATHBIX ILIOCKOCTEH, a J0bie JaBe JieyKaan Obl B TaKoii H.HOCKOCTI/I.)

Omeem. CylecTBYIOT, IMEETCs IIPpUMep.

2. Haiiaure Bce BernecTBeHHbIE KOPHU yPaBHEHUS

(z+1)°+(@z+ D) (=) +(z+1)* (-1 +(z+1)* (-1 +(z+ 1) (z—1)*'+(z—-1)> =0

Pewernue. YvuokuM 06e qacTu ypasaenus Ha (x+1)— (z—1) (sror MHOKHUTENIb DaBeH 2).
Bocnoabsyemcs dbopmyioit a® — b° = (a — b)(a® + a’b + a®b* + a®b® + ab* + b°).

(x+1)° —

(z+1)°

YpaBuenune
z+1

perennii He UMeeT. Y paBHEHUE

(z—1)°%=0
= (x—1)°

=z—1

r+1=—(zx—-1)

nmMeeT perienne r = (. Tak KaK Mbl YMHOXKHJIN ypaBHEHUWE HA THUCJO 2, TO TOCTOPOHHUX

KOpHel He IOJIYyYUJIH.
Omeem. 0.

3. Ha mnockoctn Haxomarca derwipe Touku A, B,C, D. WU3ssectrno, yuro AB = 1, BC' =

2, CD =+/3, ZABC = 60°, ZBCD = 90°.

Haitnure AD.

Pewenue. Tlocrpoum pucynok. Ilycrs npamas C'D nepecekaer mpsamyio AB B Touke O

23
<3

D

60°

30° 0

(o yCJIOBUIO, 9TH HpsIMbie He TMapasulesibHbl). BO3MOXKHO JBa MOJ0KeHus Touku D Ha
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upsamoit C'D — ua oreske C'O u BHe 3T0ro orpeska. Tpeyrospauk BOC npsgMOyroJIbHBI,
yroa npu Bepmune O pasen 30°. Haxomum AB = 4, OA = 3, OC = 2v/3. JTnza OD, ¢
yaerom C'D = /3, noayuaem asa Bo3sMoxHbIX 3Havenus, OD = /3 wm OD = 3/3. B
rpeyrosbHuKe AOD u3BeCTHBI JiBE CTOPOHBI U yroJ npu Beprmuae O. Bocnob30BaBImch
TeopeMoii Kocunycos, naiinem AD. Iloayuaem nsa suavenns: AD = 3 wim AD = /3.

Omsem. 3 u /3.

CyMMa HeCKOJbKHX HAaTypPAaJbHBIX dHces paBHa 972. Yemy paBHO HamboJsbIlee BO3MOZK-
HOe 3HaYeHNe UX MPOU3BeIeHUS !

Pewenue. Paccmorpum, Ha Kakue cjaraeMble HEOOXOIUMO Pa3ouTh 972, YTOOBI MOJTyYn-
JIOCH HaubOoJIbIITee BO3MOXKHOE 1pou3Beaerre. Cpean cjaaraeMbiX He J0JIKHO ObITh €IMHHIIL
— B CJIy4dae, €CJIH €CTh €JIMHUIEA, Mbl MOXKEM J00aBUTH e€e K JI0OMY U3 JIPYTHX CJa-
raeMbIX, W Tpou3Bejienne ypeandurcsd. JIioboe ciaaraemoe, 6osbiiee 4, MOXKHO Pa3dUTH
Ha JABOWKHM u Tpoliku. T.e. ecaum ecTh ciaraemMoe p, TO MBI MOYKEM BBIUECTb W3 HEro 2
nin 3, u A00aBUTH 3TY JABOHKY WM TPOWKY K Habopy. [IpomsBemenne yBesmuurtces, T.K.
2-(p—2)>p,3-(p—3) > p. BosmoxkHoe ciaraemoe 4 TakzKe MOXKHO 3aMEHUTH HA JIBE
nBoitku. Nrak, aiag qocruzkenus HanbobIre0 BO3MOZKHOTO TIPOU3BEICHNS YUCJIaMU, Tat0-
MUME B cyMMe 972, n0/KHBI OBITH TOABKO 2 1 3. /lajee, o0bie TpU JIBOWKY 3aMEHSIOTCS
Ha JiBe Tpoiiku, 2 -2 -2 < 3- 3. [losTroMy JBoek B HabOpe MOKeT OBITH TOJIBKO OJHa, JIBE,
nin He OBITH coBceM. Ho eciim Boek O/HA WJIW JiBe, a OCTAJIbHBIE claraeMble — TPONKH,
TO BCs cymMMa He Oyjer JeuThbest Ha 3. Jlannoe nam 49uc/o jiesiutcs Ha 3. SHAYUT, I
JIOCTHZKEHUS HAUOOJIBIIIET0 BO3MOZKHOTO ITPOU3BEJCHUS ITO YUCIO JIOJZKHO OBITH MpeJi-
CTaBJIEHO CyMMO# Tpoek. 972 : 3 = 324.

Omesem. 3324,

[Tapabo/bl Ha pUCYHKe TIOJTyHueHbl caBuroM mapabosbl f(x) = z? u pasMelienbl Tak, 9To

TOYKHN UX TIepecevdeHrndaA ¢ OCbIO OX COOTBETCTBEHHO NOIIapHO COBIIA/Jal0T, a BC€ BEPITUHBI
JleyKaT Ha ofHoi mpamoit. Beero mapabon 2020. Jnuna orpeska ocu OX, 3aKJII0OYEHHO-
ro MeKJy KOPHSIMHU IepBoit mapaboJibl, paBHa 1; JIMHA OTPe3Ka, 3aKJII0UYEHHOIO MKy
KOpHsIME BTOPO#i mapabosibl, pagaa 2. Haiijure juiuny orpeska ocu OX, 3aK/JII0YEHHOTO
MeXK/1y KOPHSIMH TOCJIe/Hel mapadoJibl.

y
fix) =x*+bx+c

Pewenue. 3amerum, 9T0 pacioJiokeHue mapadbos MOKeT ObITb M3MHEHO CIABHIOM BCErO
HA0OpA BJIEBO WJIN BIPaBO, (JIHHBI 0Tpe3KoB ocH OX | 3aKIIOYEHHBIX MEXKIy KODHSIMHE
napaboJi, Ipu cJBHre He W3MeHsATCs1). Toduka mmepeceveHust MPsSMOil, TTPOBEIEHHOIT depes
BepIIMHBLI Tapabos, HaM He norpedyercd. JMHBI OTpe3KOB 3aJal0TCd YIJIOM HAKJIOHA
NPOBEACHHON MPAMOU.

HamomuuM BBIpazKeHue s pacCTOAHHS MeKIy KOpHsMH mnapaboswl. IlycTh z1 m xg9 —
KopHH Tpexusiena r? + bz + c. Torma

—b D —-b—+vD
|l’2—l’1’: —;\/_— 2\/_:\/5
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31ech D — IUCKPUMHHAHT 9TOrO TPeXUIeHA.

flx) =x’+bx +c

X
[Iycth 29 = 5" abcuucea BepIIuHEl Tapaboasl f(x) = %+ bx + c. 3HadeHne Tpexd/aeHa
B 3TON TOYKE PaBHO
b2 b D (ZL‘Q — $1)2
2
=zgit+brg+c=——-b--4+c=——=-—->-"__ 2
f(zo) = x5+ bxo+ ¢ 1 5t 1 1

B Hamreil 3ajade HEOOXOAUMO BBIYUCJIUTH TAHIEHC YIVIa HAKJOHA IPOBEJICHHON IIPAMOMN
(yruia Mezkry moJiosKuTeIbHbIM HanpasieaueM ocu OX u npsmoit). O603HAIUM ITOT YroJT
@. IlyeTh g1 1 Tz — aOCIHUCCH BEPIIUH MEPBOii 1 BTOPOIi mapabos, X1, Tz, T3 — UX KOPHI
B MOPsiIKe BO3pAcTaHusi (CM. DHCYHOK).

f(x02) — f(7o1)

To2 — Zo1

tgp =
Y Hac

1 1
To2 — Lol = Tp2 — T2 + T2 — To1 = 5((1103—%)-1—(%2—%1)) = 5(2-1—1) = 5

[Torygaem
_3 1
top = —% = _Z
gp=3 =5

2
Teneps HaiigeM, Kak CBA3aHbl JUINHLL oTpe3ka och OX Merkj1y KOpHAMHU napaboJl ¢ HoMe-
pamMu n + 1 u n, BBIPA3UB 3Ty JIMHLI Yepe3 KOPHU Ly, Tpi1, Lnio, SHAYCHAS B BePLIIMHAX
f(zon) u f(xons1), muckpumusantsl D, u D, 1, HaiigeHuslii Tanrenc. Vcmoab3yem, 9To
paccrognue Mexkly a0CHucCaMy BePIIMH PABHO CYyMME LOJIOBUH PACCTOSHUI MKy KOp-
HIMHU COCETHUX mapabdor.

o o Tp42 — Tnil Tny1 — Tp % Dn+1 \% Dn
Ton+1 — Lon = Lon+1 — Tnt+l T Tpt1 — Top = 5 =+ 5 =7 + 5

19



Dn+1 Dn

oo Lo f@o) = flaw) _ “ 4 T4
2 Lon+1 — Lon V Dn+1 \% Dn
+
2 2
Dn - Dn+1

" 2D + VD)
V/Dpi1—+/Dn=1
V Dy = \/D_n+ 1

Tn4+2 — Tny1 = (xn—l—l - xn) +1

13 storo ypaBHeHUs

Orcrona
T.e. nuHa oTpesKa MexKy KOPHAMHI KaxKJI0i ceayoniei napado/ibl YBeININBACTCS Ha 1.
Orcoosa nojaydaeM, 4ro JauHa orpe3ka ocu OX, 3aK/II09EHHOIO MEXKJLy KOPHIMHU Lapa-

6osibl ¢ HomepoMm 2020, pasua 2020.
Omeem. 2020.
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